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Abstract-Measurements of the cross-sectional distributions of axial turbulence intensity and time-mean 
velocity in hydrodynamically developed pipe flows were made by means of a hot-film anemometer. The 
investigation was concerned with the low Reynolds number turbulent regime, and experiments were 
performed for five Reynolds numbers between 3200 and 24 000. Air was the working fluid. The present 
measurements. taken together with those of Laufer for high Reynolds number pipe flows (up to 500000). 
establish that in the near-wall region characterized by y+ up to 25, the ratio of turbulence intensity to 
friction velocity is independent of Reynolds number. This same relative turbulence intensity is also inde- 
pendent of the Reynolds number in the neighborhood of the pipe centerline. The measured time-mean 
velocity distributions deviate more and more from the universal u’, yf profile with decreasing Reynolds 

number below 10000. which corroborates the findings of previous investigations. 

NOMEN~ATURE 

Reynolds number, ii(2r,)/v; 

Reynolds number based on centerline 
velocity, ~J2r,)/v; 
radial coordinate, measured from center- 
line ; 
tube radius; 
time-mean axial velocity; 
centerline velocity : 
cross-sectionally averaged, time-mean 
velocity ; 
dimensionless velocity, U/V* ; 
axial fluctuation velocity; 
friction velocity; 
radial coordinate, measured from wall; 
dimensionless coordinate, yu*/v; 
kinematic viscosity; 
density; 
wall shear. 

INTRODUCTION 

RECENT studies of low Reynolds number, 
turbulent pipe flows have been stimulated both 

by interest in the basic fluid mechanics and by 
applications to heat exchange devices. For 
example, many present-day heat exchangers 
operate in the low Reynolds number turbulent 
regime. References [l-5] are representative of 
the current literature, and additional publica- 
tions are cited in the bibliographies contained 
therein. Most of the reported measurements are 
of the time-mean velocity field. These measurc- 
ments reveal deviations from the condition of 
developed turbulence which prevails at moderate 
and high Reynolds numbers. Speci~cally, when 
measured time-mean velocity profiles are plotted 
on the familiar u+, y + dimensionless coordinates, 
the data fall above the universal profile over a 
large portion of the tube cross section. The 
extent of the deviations increases with decreasing 
Reynolds number, that is, the u+, y+ profiles are 
Reynolds number dependent. 

Although the behavior of the time-mean 
velocity field is well documented, there appears 
to be little information on the structure of the 
turbulence field in the low Reynolds number 
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turbulent regime. This paper reports the results 
of measurements of axial turbulence intensity 
for hydrodynamically developed airflow in a 
smooth, circular tube. Cross-sectional distribu- 
tions of turbulence intensity were determined by 
means of a hot-film anemometer for Reynolds 
numbers of 3200,4340,5850, 11400 and 24000. 
The results were compared with those of Laufer 
[6] (which correspond to Reynolds numbers of 
50 000 and 500000) with a view toward establish- 
ing, the dependence of the turbulence intensity 
on the Reynolds number of the Row. Time-mean 
velocity profiles were also measured and were 
compared with the universal profile and with an 
analytical prediction. 

EXPERIMENTAL APPARATUS 

The measurements were performed in a 
smooth, seamless brass tube, 355 mm dia.. 
which was carefully aligned and supported to 
avoid possible secondary Rows due to curvature 
of the tube axis. Clean compressed air, free of oil 
and water, was provided by a buitding air supply 
and delivered to a plenum chamber situated at the 
upstream end of the test section tube. The air 
passed from the plenum into the tube via a 
sharp-edged entrance. All data were collected 
in a cross section situated 88 diameters from the 
inlet and two diameters from the downstream 
end of the test section tube. 

A hot-film anemometer was employed to 
carry out the turbulence and velocity field 
measurements.~ The probe was introduced into 
the flow through the downstream end of the 
test section tube. To support and guide the probe 
traversing mechanism, an extension tube, 35.5 
mm dia. and approximately 22 diameters in 
length, was affixed to the downstream end of the 
test section tube. 

A hot-film sensor was chosen in preference to 

* The data acquisition system consisted of a Therm0 
Systems Model 1275 miniature probe equipped with a 
model 10A cylindrical hot-film sensor and used in con- 
junction with a Therm0 Systems 1050 series constant 
temperature anemometer. 

a hot-wire sensor because of its greater strength 
and lesser susceptibility to breakage and because 
of its shorter sensing length, which affords 
better spatial resolution. The sensor used in these 
experiments had a diameter of 0.025 mm, an 
effective sensing length of 0.25 mm, and an 
overall length of 0.75 mm. It was installed in the 
probe holder so that its axis was perpendicular 
both to the direction ofradial traverse and to the 
streamwisedirection.Thisorientation waschosen 
both to allow measurements to be made closer 
to the wall and to minimize variations of velocity 
along the sensing surface. At the measuring 
station nearest the tube wall, the wall-to-sensor 
distance was about 1.25 mm. In view of the fact 
that the sensor diameter was 0.025 mm, spatial 
resolution along the direction of radial traverse 
was quite satisfactory. 

The prongs to which the sensor was attached 
were oriented in the streamwise direction. The 
calibration of the sensor is described elsewhere 

PI. 
The traversing of the probe across the cross 

section was accomplished by means of a mecha- 
nism situated in the aforementioned downstream 
extension tube. Figure 1 is a schematic diagram 
of the traversing apparatus, which is seen to be, 
in essence, a symmetrical four-bar mechanism 
wherein the probe arm AE and the driving arm 
DF are connected through a driving linkage CD. 
The probe arm pivots about Point A and moves 
in response to movements of the driving micro- 
meter. It was verified by direct observations with 
a travelling microscope that the movement of 
the sensor was within 0.02 mm of that indicated 
by the driving micrometer. The radial position 
of the sensor was based on the distance from the 
tube wall, which was established with the aid of 
an electrical contact mechanism [7]. 

The support tube AB of the traversing mecha- 
nism was positioned to coincide with the center- 
line of the downstream extension tube by means 
of rigid and spring struts. The traversing mecha- 
nism could be rotated about AB, thereby per- 
mitting radial traverses to be made at any 
circumferential location. In the present experi- 
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FIG. 1. Schematic diagram of the apparatus for traversing 

ments, traverses were made along four radial 
lines spaced at 90 degree intervals around the 
circumference. Each of the data points appearing 
in the subsequent presentation of results repre- 
sents an average over the four circumferential 
locations. In general, circumferential asym- 
metries were small. 

The experimental data were reduced by means 
of a hybrid computer in on-line operation. The 
hybrid system consisted of an EAI 680 analog 
computer coupled through an analog-digital 
interface to a CDC 1700 digital computer. The 
analog computer was used primarily as a variable 
time constant RMS voltmeter. The digital com- 
puter was programmed to operate the analog 
computer; to collect, store, and print out the 
raw data; to perform the necessary calculations 
required to convert the raw data into the desired 
physical quantities; and to print out these 
results. 

Upon arriving at the analog computer, the 
voltage signal from the anemometer was sub- 
divided into two parts. One part was fed to an 
integrator, where it was averaged over a ten- 
second interval and then sent to the analog-to- 

digital conversion line to be read by the digital 
computer. The other part went to a hlter to 
eliminate the d-c component. The output signal 
of the filter was squared, integrated for ten 
seconds, and the square root taken of the result, 
which was sent to the digital computer. The levels 
of the voltage signals processed by the various 
elements of the analog computer were controlled 
through the use of amplifiers and scale factors 
which were set on voltage dividers. 

At each measurement station in the flow, four 
successive determinations of the mean velocity 
and turbulence intensity weremade and averaged. 
These local averages were subsequently circum- 
ferentially averaged as explained previously. 

The determination of turbulence intensities 
from the measured root-mean-square fluctuating 
voltage signals was performed by a linearized 
analysis, standard in hot wire and hot film 
anemometry. This type of analysis is known to 
overestimate the turbulence intensity at measure- 
ment stations where the root-mean-square fluc- 
tuation velocity is not small compared with the 
time-mean velocity. In the case of pipe flows, 
such stations are situated adjacent to the wall. 
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RESULTS AND DISCUSSION The significance of the dashed line will be dis- 
Time-mean velocity distributions cussed shortly. 

To begin the presentation of results, the time- 
mean velocity distributions will be treated first 
in order to provide continuity with available 
information. In this connection, the familiar 
u-+,y+ variables are used, where 

ll+ = u/v, y+ = yv"jv, fl* = &,/d (11 

in which u is the local time-mean axial velocity, 
y is the radial distance from the tube wall, and 
v* is the friction velocity. The wall shear z, 
appearing in the latter was evaluated from the 
Blasius relation (c, = @3164/R&), which was 
confirms to within 7 per cent by means of 
pressuredropmeasurementsatalloftheReynolds 
numbers investigated. The cross-sectionally 
averaged, time-mean velocity needed in the 
evaluation of the Reynolds number was deter- 
mined by integration of the measured profiles. 

Inspection of the figure reveals that at the 
Reynolds numbers of 11400 and 24 000, there 
is very good agreement between the experimental 
points and the universal profile. However, at 
the lower Reynolds numbers, agreement between 
the data and the universal profile is more and 
more restricted to the near-wall region of the 
flow. At locations farther from the wall, the 
upward deviations of the data from the universal 
profile become more marked as the Reynolds 
number decreases. 

The experimental results are presented on 
semi-logarithmic coordinates in Fig. 2. The solid 

The just-discussed behavior of the time- 
mean velocity field is in accord with the findings 
of prior investigators. The deviations which 
occur in the low Reynolds number range may 
be made plausible by examining the basis of the 
universal velocity profile. In the so-called fully 
turbulent regime, usually taken as y’ > 30, 
it is generally assumed that the viscous contri- 
bution to the shear stress is negligible. However, 
with decreasing values of Reynolds number 
below 10000, the relative importance of the 
viscous contribution increases and the region of 
its influence extends farther and farther from the 
wall. Correspondingly, greater deviations from 
the universal profile are to be expected as the 
Reynolds number decreases. 
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FIG. 2. Time-mean velocity distributions. 

line appearing in the figure is the universal 
velocity profile according to von Karmtin [8], 
the equations for which are 

8’ = y+, y+ d 5 (2a) 

uf = 5.0lny+ - 3.05, 5 < yc SS 30 t2b) 

uc = 2.5 In y+ + 55, y+ 2 30. (2c) 

The dashed line in Fig. 2 represents a velocity 
profileforRe = 3OOOcomputedbyH.C.Reynolds 
and co-workers [l] using an eddy viscosity 
model deduced from their time-mean velocity 
measurements. The agreement between the 
present data and the calculated profile is seen to 
be very good, thereby lending support to the eddy 
viscosity model of the CoIttputations. 

For all of the data shown in Fig. 2, the output 
of the hot-film anemometer was monitored 
continuously on an oscilloscope, and no inter- 
mittency in the turbulence was observed at 
any Reynolds number. 

The only published information known to the 
authors on turbulence intensity in low Reynolds 
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number pipe flow is restricted to the pipe center- 
line. Measurements performed with a hot-wire 
anemometer [9] and with laser-Doppler systems 
[lo, ll] have been reported. The prior results 
were brought together by Goldstein and Kreid 
[lo] and are shown in Fig. 3 along with the data 
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FIG. 3. Turbulence intensity at the pipe centerline. 

of the present investigation. The ordinate is the 
relative axial turbulence intensity at the tube 
centerline, with the root-mean-square of the 
fluctuation velocity u’ being made dimension- 
less by the time-mean centerline velocity u,. 
The abscissa is the Reynolds number Re, based 
on the centerline velocity u,. 

The data shown in Fig. 3 appear to concur in 
indicating an increase in the relative turbulence 
intensity at the centerline as the Reynolds number 
decreases, an outcome which might not have been 
expected in advance. There is a moderate spread 
among the results from the different investi- 
gators. The generally satisfactory agreement of 
the present data with the prior results shown in 
Fig. 3 lends confidence to the measurement 
technique and instrumentation used herein. 

Profiles of axial turbulence intensity are pre- 
sented in Fig. 4. The distribution of the root- 
mean-square fluctuating velocity for each 
Reynolds number is normalized by the corres- 
ponding friction velocity u*. The abscissa 
variable is the dimensionless radial coordinate 
r/v0 (P = radial coordinate, r,, = tube radius). 
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FIG. 4. Turbulence intensity distributions plotted as a 
function of the radial coordinate. 

Also included in the figure are lines representing 
the data of Laufer [6] for centerline Reynolds 
numbers Re, of 50000 and 5~~. In view of 
the fact that the data in Fig. 4 cover a Reynolds 
number range from 3200 to 5~~0, the excel- 
lent correlation of the turbulence characteristics 
in the central portion of the tube may be regarded 
as remarkable. The spread among the data 
becomes greater in the outer half of the tube 
cross section. This spread can be traced to the 
influence of the near-wall regions of the flow, 

FIG. 5. Turbulence intensity dist~jbutions plotted as a 
function of y+. 
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To give an indication of the extent of the near- 
wall region, the location of the edge of the von 
I&man buffer layer (y’ = 30) is indicated 
along the abscissa of Fig. 4 for several Reynolds 
numbers. Clearly, the near-wall region cannot 
be regarded as a thin layer in a low Reynolds 
number flow. 

To seek a correlation ofthe turbulence charac- 
teristics in the immediate neighborhood of the 

7 wall, Jr(n) l/u* is plotted as a function of y’. 
Figure 5 contains the data of the present investi- 
gation as well as those of Laufer. There is excel- 
lent correiation of the results for yc values up 
to 25 for all Reynolds numbers, with the maxi- 
mum value of the intensity being attained at 

.Y+ = 17 or 18. Thus, there appears to be a law 
of the wall for the turbulence intensity, Beyond 
y+ z 25, the distributions for the various 
Reynolds numbers begin to fan out. This 
fanning out is seen also to occur in the high 
Reynolds number regime investigated by Laufer, 
That is, even for high Reynolds numbers, the 
law of the wall for the turbulence intensity is 
restricted to y+ values up to 25. This is to be 
contrasted with the universal u+,y+ distribu- 
tion for the time-mean velocity (Fig. 2), which, 
for high Reynolds numbers, is valid over a 
much larger range of yf. 

The just-encountered law of the wall for the 
turbulence intensity can be shown to be plausible 
on theoretical grounds. There is a layer near the 
wall where the rates of turbulence production 
and dissipation are nearly in balance [12-J. 
According to Prandtl [13], the production and 
dissipation terms can be respectively represented 
as 

-. 
C,(s $ and C,(U’)~] f;‘l 

, 
(3) 

in which I is a mixing length and C, and C, 
are presumed to be constants. Upon equating 
production and dissipation and introducing the 
u’ ,y + variables from equation (l), there follows 

-_ 
J[Cu’,“] = 5 l+ c 

ll* C, dy+’ 
(4) 

In those regions of the flow where I’ and u+ 
depend primarily on y+ and are relatively 
insensitive to the Reynolds number, equation 
(4) indicates that .J[~],/v* should very nearly 
be a universai function of y+. Very near the wall, 
du+/dy+ is nearly a constant whereas l+ increases 
with y+ ; correspondingly, ,/[(u’)“[/u* increases. 
In the von I&man buffer layer, the decrease of 
du’/dy + with y ’ tends to counteract the increase 
in I’, giving rise to the possibility of a maximum 
in J[(u’)‘]/v*. The experimental results of Fig. 
5 exhibit the just-mentioned trends in the near- 
wall region. 

CONCLUDING REMARKS 

The present low Reynolds number measure- 
ments and those of Laufer for high Reynolds 
numbers indicate certain regions where the 

r2 relative axial turbulence intensity \i[(ti ) ]/a* 
is universal (i.e. independent of Reynolds num- 
ber). Near the tube wall, a law of the wall for the 
relative turbulence intensity holds, provided 
that y+ is used as the correlating coordinate. 
The correlation applies for y + values up to about 
25, whereafter the relative turbulence intensity 
becomes Reynolds number dependent. Even 
for high Reynolds numbers, the correlation is 
restricted to y + w 25. The relative turbulence 
intensity is also independent of Reynolds number 
in the neighborhood of the tube centerline. 

For the time-mean velocity distribution, the 
validity of the universal u+,y+ correlation is 
eroded away as the Reynolds number decreases 
below 10 000. In the low ReynoIds number range, 
the upward deviations of the data from the uni- 
versal profile become more marked with decreas- 
ing Reynolds number. 
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DISTRIBUTIONS D’INTENSITE DE TURBULENCE ET DE VITESSE MOYENNE DANS DES 
EC~ULEMENTS nmu~mrrs A LWTBIUJXJR DE TUBES POUR DES NOMBRES DE 

REYNOLDS FAIBLES 

R&run&On a fait. a I’aide dun a&mom&e B fdm chaud, des mesures de distribution dans une section 
droite d’intensitt de turbulence axiale et de vitesse moyenne temporelles pour des ~oulements hydro- 
dynamiquement developpes dans un tube. L’etude conceme le regime turbulent a bas nombre de Reynolds 
et des experiences ont ete me&es pour cinq nombres de Reynolds compris en 3200 et 24000. Le fluide 
consider& est l’air. Les mesures d&ites rassemblees avec celles de Laufer pour des ecoulements dans des 
tubes a grand nombre de Reynolds (iusqu’a 500 000) etablissent que dans la region proche de la paroi 
caracttrisee par y+ atteignant 25, le rapport de l’intensite de turbulence a la vitesse de frottement est 
independant du nombre de Reynolds. Cette intensim relative de turbulence est aussi independante du 
nombre de Reynolds dam le voisinage de I’axe central du tuyau. Les distributions de vitesses moyennes 
temporelles mesur6es s’tcartent de plus en plus du profd universe] u+, y+ quand le nombre de Reynolds 

decroit au-dessous de 10 000, ce qui conlirme Ies rtsultats d’ttudes anttrieures. 

TURBULENZINTENSITAT UND MITTLERE GESCHWINDIGKEITSVERTEILUNG DER 
TURBULENTEN ROHRSTROMUNG BE1 NIEDRIGEN REYNOLDS-ZAHLEN. 

Zusammenfnssrmg-Mit Hilfe eines Heisslilmanemometers wurde die radiale Verteilung der axialen 
Turbulenzintensitlt und die mittlere Geschwindigkeit in einer hydrodynamisch eingelaufenen Rohr- 
stromung bestimmt. Die Untersuchungen wurden im turbulenten Gebiet durchgefiihrt, bei 5 Reynolds- 
Zahlen zwischen 3200 und 24000. Als Fluid wurde Luft verwendet. Die vorliegenden Messungen zusammen 
mit denen von Laufer fti die Rohrstrijmung bei grossen ReynoldsZahlen (bis zu 500 000) zeigen, dam in 
der wandnahen Zone bis zu y+ = 25 das Verhlltnis der Turbulenzintensitit zur Reibungsgeschwindigkeit 
unabhangig von der Reynolds-Zahl ist. Diese relative Turbulenzintensitat ist such in der NIihe der 
Rohrachse unabhingig von der Reynolds-Zahl. Die gemessenen, iiber die Zeit gemittelten Geschwindig- 
keitsverteilungen weichen mit abnehmender Reynolds-Zahl, unter lOOOB0, mehr und mehr van dem 

universellen Profd u+, y+ ab. Dicsc Tatsache bcstitigt die Aussagen frtiherer Untersuchungen. 

G 
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PACIIPE~EJIEHLI~IHTEHCBBHOCTMTYPBYJIEHTHOCTkI MOCPEAHEHHOfl 
CKOPOCTLI TYPBYJIEHTHOI'O TEqEHkfR B TPYBE IlPI4 MAJIbiX 

3HAqEHBffX WICJIA PEmHOJIbjJCA 

AHEOT~WUI-C ~OMO~bK)~~eHO~HO~OTepMOaHeMOMeTpa~pOBO~El~~CbIl3MepeH~FInpO~Ilneh 
IIpOAOJIbHOfi HHTeHCHBHOCTH Typ6yJIeHTHOCTPi II OCpeAHeHHOti II0 BpeMeHll CKOpOCTPi lWApO- 
AHHaMWfeCKH p33BEITOrO TeqeHLlR B Tpy6e. 

kiCCJIeAOBaJTCR Typ6yJIeHTHbIti peWZlM IIpM HI43KRX 3HaqeHLIRX '4MCJIa PetiHOJlbACa OT 
3200 ~0 24000. B KagecTBe pa6oseti CpeAbr ImrOnb30BanCR ~oa~yx. M3MepeHMKMn, npo- 

BeAeHHbIMEi B HaCTOHIQeti pa6oTe, BMeCTe C M3MepeHMRMH aay@epa TeYeHHti B Tpy6e IIpH 
6onbrmx 3Ha4eHWfIX 4EICJIa PetiHOJIbACa (A0 500000) 6bmo yCTaHOBJleH0, VT0 B IIpHCTe- 
HOYHOti o6nacTM, XapaKTepPI3yeMOii 3Ha9eHmMM y+ HO 25, OTHOIIleHAe PlHTeHCPlBHOCTM 
Typ6yJleHTHOCTK K CKOpOCTIl TpeHHR He 3aBllCMT OT 'IRCJla PetiHOJlbACa. OTHOCHTeJIbHaH 
MHTeHCBBHOCTb Typ6yJIeHTHOCTH II0 OCA Tpy6bI TaKHEe He 3aBIlCMT OT YllCJIa PeitHOJIbACa. 
npll yMeHblIIeHfUl YllCJIa PetiHO.?bACa HHltEe 10000 H3MepeHHOe paCIl&leAeJIeHHe CpeAHeti 
II0 BpeMeHH CKOpOCTIl SC8 6onbme OTKJIOHReTCR OT yHRBepCaJIbHOI'0 IIpO@HJlfI U+, y+, VT0 

COOTBeTCTByeT AaHHbIM IIpeAbIAyWHX HCCJIeJlOBaHIdi. 


